We derive the conservative part of the Lagrangian and the energy of a gravitationally bound two-body system at fourth post-Newtonian order, up to terms quadratic in the Newton constant. We also show that such terms are compatible with Lorentz invariance and we write an ansatz for the center-of mass position. The remaining terms carrying higher powers of the Newton constant are currently under investigation.
I. INTRODUCTION
The post-Newtonian approximation to the 2-body problem in General relativity represents the common approach to study the bound object dynamics in the weak curvature, slow motion regime, see [1] and [2] for reviews. The interest in detailed analytical study of the gravitationally bound two-body problem has been revived by several concurrent factors.
On the experimental side the era of gravitational wave astronomy is expected to start in a few years by with the advent of the advanced gravitational wave detectors LIGO and Virgo [3] . Among other signals, these detectors will be sensitive to gravitational waves emitted by coalescing binaries, making urgent to derive the equation of motion of binary black holes with the highest possible accuracy. The knowledge of accurate template waveform is needed for matched filtering techniques, commonly used in data analysis, whose output is particularly sensitive to the time varying phase of the signal which must be computed with O(1) precision [4] .
On the theoretical side, since few years now stable numerical-relativity (NR) waveforms emitted in the last O(10) orbits of a binary system (plus merger and ring-down to a final Kerr black hole) are available, see e.g. [5] for a recent review. As NR waveforms cannot be extended too early in the inspiral phase, during which binary constituents are far apart and non-relativistic, it appears natural to combine PN and NR results to construct complete waveform models: the highest possible accuracy on the analytical PN side is required in order to reduce the number of cycles of the NR waveforms needed to build complete, reliable waveforms [6] .
On the theoretical analytical side, before the present paper, the Hamiltonian ruling the conservative dynamics of a gravitationally bound, spin-less binary system, has been computed at third PN order in [7] in the Arnowitt-Deser-Misner (ADM) coordinates, calculation later confirmed by [8] [9] [10] in harmonic coordinates, and by [11] , where a different resolution of the source singularity has been adopted. In [12] the Hamiltonian formalism in ADM coordinates has been exploited to derive the Hamiltonian in at first order in G N and at all orders in momenta.
The Lagrangian of the gravitationally bound two body system has been recently rederived at third PN order in [13] , with the use of an algorithm (according to a strategy first proposed in [14] ) automatizing the decomposition of the problem into the sum of terms associated to Feynman diagrams according to the effective field theory (EFT) approach developed in [15] , see [16] for a review. The application of the EFT methods to the PN approximation of General Relativity has also made possible the derivation of new results, mainly for spinning system, in both the conservative [17] and dissipative dynamics [18] .
Following on our previous work [13] , the main result of this paper is the computation of the two-body effective action for the conservative dynamics at 4PN order and up to terms quadratic in Newton's constant G N , and thus represents a decisive step towards the computation of the full Hamiltonian dynamics at 4PN order. Using the virial relation v 2 ∼ G N M/r, being r(v) the relative distance distance (velocity) of the binary constituents with M the total mass, the terms contributing to the 4PN order can be parametrized as
The remaining terms at 4PN not presented here involve 569 Feynman graphs whose computation requires the evaluation of integrals among which the most complicated ones are few integrals analogous to 4-loop momentum integral in quantum field theory. The computation of the full Lagrangian at 4PN order is well under way and will be the subject of a future publication. We also note that the 4PN conservative contribution of the radiationreaction force has been computed in [19] and re-derived within EFT methods in [20] .
The paper is organized as follows. In sec. II the fundamental gravity Lagrangian relevant for the two-body dynamics in the PN approximation is laid down and in sec. III we give a brief overview of the effective field theory methods for gravity, which are applied in the rest of the paper to the evaluation of the relevant Feynman graphs giving contribution to the 4PN order up G 2 N . In sec. IV standard techniques are applied to get rid of terms quadratic in the accelerations, in order to obtain a Lagrangian with terms at most linear in the acceleration.
In sec. V the energy is derived and in sec. VI the Lorentz invariance is checked for and the center-of-mass position of the two-body system derived, always at O(G 2 ) order. We summarize and conclude in sec. VII.
II. SHORT-SCALE LAGRANGIAN
We perform our calculation in the EFT framework along the lines of [13] ; in this section we resume our notations. The starting point is the action
the first and third terms being, respectively, the usual Einstein-Hilbert action [30] and the world-line point particle action
As dimensional regularization will be needed in the computation, L is a reference length scale which must cancel out from physical results and G N is the standard 3+1-dimensional
with Γ µ ≡ Γ µ αβ g αβ , which corresponds to the same harmonic gauge adopted in [1]. Still following [21] , we adopt the standard Kaluza-Klein (KK) parametrization of the metric [22] (a somehow similar parametrization was first applied within the framework of a PN calculation in [23] ):
with
and i, j running over the d spatial dimensions. In terms of the metric parametrization (5), each world-line coupling to the gravitational degrees of freedom φ, A i , σ ij reads
and its Taylor expansion provides the various particle-gravity vertices of the EFT.
Also the pure gravity sector S bulk = S EH + S GF can be explicitly written in terms of the KK variables; we report here only those terms which are needed for the full 4PN calculation (only a part of which is performed in the present work):
The form (7) of the gravitational action [31] is in agreement with the one derived in [24] .
III. INTEGRATING OUT GRAVITY
We have now all the ingredients to obtain a 2-body effective action S ef f with manifest power counting in G N and v at the desired (fourth) post-Newtonian order. This can be done by integrating out the graviton fields from the full action derived above
to obtain an effective action S ef f in terms of the particle positions and their derivatives.
As usual in field theory, the functional integration can be perturbatively expanded in terms of Feynman diagrams involving the gravitational degrees of freedom as internal lines [32], regarded as dynamical fields emitted and absorbed by the point particles which are taken as non-dynamical sources.
In order to allow manifest v scaling it is convenient to work with the space-Fourier transformed fields
The fields defined above are the fundamental variables in terms of which we are going to construct the Feynman graphs; the action governing their dynamics can be found from eqs. (6, 7) .
By looking in particular at the quadratic parts, one can explicitly write the propagators:
where
is the full relativistic propagator, which have been expanded as an instantaneous nonrelativistic part plus insertion terms involving time derivatives (which after hitting the e ip·x factors bring in extra v factors) and the infinite series is truncated at the some finite order in every Feynman diagram.
The next step is to to lay down and compute all the relevant Feynman diagrams; this has been done by means of a new version of the Mathematica code [25] , including the use of the FeynCalc software [26] , which has been used to reproduce the 3PN Lagrangian [13] . 
where integration is performed over times t 1,2 and the measure of momentum integration is
, n is an integer number with n ≤ 4, x 1,2 ≡ x 1,2 (t 1,2 ), and
the appropriate point particle vertices, expanded at the appropriate order in v 1,2 , which can be read from eq. (6). The integrations can be performed via standard Fourier formulae and do not lead to any divergence in dimensional regularization.
We report below the result of the sum of the diagrams (the value of every single diagram of this paper is available on a Mathematica notebook at [27]); symmetrization under exchange of particles +(1 ↔ 2) is understood throughout all this paper 
where 
The rationale for this separation is that such terms can be further reduced via the double zero trick (see e.g. [28] ) which consists in writing, for instance
being eq 1,2 the value of a 1,2 in terms of r, v 1 and v 2 as dictated by the equations of motion at the desired PN order. Since the first term on the last line of eq. (15) action of the type:
with the n i ≤ 3 and V bulk ≡ V bulk [p, q, ∂ t 1a , ∂ t 1b , ∂ t 2 ] being the bulk vertices describing the appropriate three-graviton interaction.
These integrals can be expressed in terms of standard ones, eventually after some integration by parts, leading to the following total result: 
where terms involving more than one power of accelerations and their derivatives are: 
We write separately the divergent terms: 
is not relevant to determine the 4PN Lagrangian up to G 2 N because it gives rise to O(G 3 N ) terms via the double zero trick. As to its divergent part L pole , it will have to be canceled by an appropriate world-line redefinition, analogously to what happens at 3PN [8] , thus leaving a finite result in the d → 3 limit. It is however not possible to determine the exact form of such redefinition at this point, as it must be further constrained by the knowledge of the poles occurring at higher powers of G N .
IV. THE 4PN LAGRANGIAN LINEAR IN ACCELERATIONS UP TO G 2

N
Before we can write the Lagrangian linear in accelerations up to term of order G 2 N , that is the 4PN extension of the standard formula reported in [1], we have to take into account the manipulations that led to such standard formula. At lower PN orders the double zero trick have been repeatedly used, and its effect at 4PN order must be computed.
A. 2PN double zeros evaluated on 2PN equations of motion
The following 2PN term quadratic in the accelerations
produces the 2PN and 3PN contributions duly included in the standard 3PN Lagrangian, and the following 4PN term: 
B. 3PN double zeros evaluated on 1PN equations of motion
The following 3PN terms quadratic in accelerations Summing up all the contributions, we have: 
The above formula, along with the term explicitly written in equation (13), is the main result of this paper. 
In the above expression (which is conserved up to order G 2 if gravitational radiation is neglected) accelerations have been systematically substituted via the equations of motion, truncated at the appropriate PN order.
VI. LORENTZ INVARIANCE AND CENTER-OF-MASS POSITION
A. Boosts
As discussed in [10] , the post-Newtonian dynamics must inherit the symmetries of the fundamental theory, thus has to show invariance under Lorentz boosts, which in this framework are implemented by the following transformation
where V i is the boost velocity.
Requiring that the equations of motion are invariant under boosts impose that the Lagrangian variation under the transformation given by eq. (28) consists only of a time derivative plus possibly double zero terms:
As the boost transformation does not depend on G N (nor on d), Lorentz invariance can be checked to some extent order by order in Newton's constant; we find indeed that the above eq. (29) is compatible with Z 4P N = 5 128 . Note that in deriving these results we had to take into account the 1PN corrections to the double zero terms which are already present at 3PN.
As for the Energy, accelerations appearing at different PN orders have been systematically substituted via the equations of motion, truncated at the appropriate PN order.
VII. CONCLUSIONS
We have computed the the conservative dynamics of a binary system within the framework of the post-Newtonian approximation to general relativity at fourth post-Newtonian order up to terms quadratic in the Newton constant. By a systematic use of the effective field theory methods for non-relativistic general relativity proposed by Goldberger and Rothstein it has been possible to automatize the computation and derive the effective Lagrangian by summing the contributions of several Feynman diagrams. We have also computed the energy function and verified Lorentz invariance, giving a non trivial consistency check of our calculations.
This work is the first ingredient for the complete determination of the 4PN dynamics.
After the publication on the arXiv of the first version of this paper, [29] [31]Γ i jk is the connection of the purely spatial metric γ ij , F ij ≡ A j,i − A i,j and indices must be raised and contracted via the d-dimensional metric tensor γ, although in the last three lines of eq. 7 one can use just δ ij as neglected terms are not needed at 4PN order; on the other hand all the spatial derivatives are meant to be simple (not covariant) ones and, when ambiguities might raise, gradients are always meant to act on contravariant fields (so that, for instance, ∇· A ≡ γ ij A i,j and F 2 ij ≡ γ ik γ jl F ij F kl ).
[32] As we focus on the conservative part of the dynamics, internal lines in Feynman diagrams correspond to the so-called potential gravitons and no gravitational radiation is emitted.
